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f The Fokker-Planck Equation \
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B(r) = /G(rr)( dr

Here, ¢ is the electric potential, p is the charge density, and G is -
\the Green’s function of the Poisson’s equation. /
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The Fokker-Planck Equation (Cont’d)
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Methods of Solution

e Direct PDE Solver:

— Finite Difference
— Eigenfunction Expansion

e Particle Based Methods:
— Direct N-Body
— Monte Carlo (DSMC)
— Particle-In-Cell (PIC)



The Langevin Equations (Cont’d)

- Previous studies:

e Use of velocity-independent Spitzefs dynamical
friction

e Assumption of the isotropic distribution of field
particles

This talk:

e Self-consistent calculation of dynamic friction and
diffusion coefficient tensor from Rosenbluth potential
(first principle approach).



The Langevin Equations

!

r = v,
, F

v = ——+Fd+Q-1—‘(t),
m

where T'(t) are Gaussian random variables with

(LiT;() = 60 —t).

The matrix Q is related to the diftfusion coefficient D by
D;; = QikQjk-
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The Langevin Equations (Cont’d)

(D + (ayag + asas + a1a3)1)Q = (a1 +as+a3)D + ajazasl

where a; =/ fori =1,2,3, and A; is the eigenvalue of diffusion
tensor D, which can be obtained from

det(D—-X) = 0




The Leap-Frog Algorithm
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where E and B are the electric field and magnetic field, and the
Av are the contributions from collisions.
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System Kinetic Energy and Momentum Conservation

Av; = 7i(Fa;At+ Qi VAIW; + ;)

where

ZFdz ~ ——————ZQ”W"
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where the W are Gaussian random variables with mean zero and
standard deviation one.
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Two-Dimensional Domain Decomposition

Boundary Grid
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Guard Grid Physical Boundary




speedup

Performance Test 11
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nhe Asymptotic Behavior of the Dynamic Friction Coefficient fora\

Maxwellian Distribution
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ﬂ)iagonal and Off-Diagonal Diffusion Coefficients for a Maxwelliah

Distribution
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f Transverse and Longitudinal Initial Velocity Distributions
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(

ransverse and Longitudinal Temperature as a Function of Time
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Kr

ransverse and Longitudinal Velocity Distributions after 60 Steps
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A Second-Order Stochastic Leap-Frog Algorithm
for Multiplicative Noise Brownian Motion

 To be published in 7/1vs. Rev. £ 2000,

* Second-order convergence of moments in a finite
time interval

e Sampling of only one uniformly distributed
random variable per time step

e White and colored noise included
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A Second-Order Stochastic Leap-Frog Algorithm for Multiplicative
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/ Leap-Frog Algorithm for White Multiplicative Noise \\

D;(h) = z;(0) + hF;(7}, 75, T3, %4, Tx, Tg);  {i=1,3,5}

D;(h) = zF+ -1—hFZ- (i1 + hF;_1(Z7,%5,%5,%), T, Tg)] ; {t = 2,4, 6

Sih) = ouVAWi(h) + 3 Fipoph® Wilh) + 5o F3h® Wi(h) +
i s mokkouhWi(RYWi(h); {i = 1,3,5; j = 2,4,6; k,l =1

Si(h) = *LFi,jijhg/sz(h) Lp, 3305 B2 W (R)W;(h)

/3 4

{i =2,4,6; j=1,3,5}
r; = z;(0) + —;—hFi(:El,562,@3,@4,@5,5:6){2' =1,2,3,4,5,6}
where W;(h) is a series of random numbers with the moments
(Wi(h)) = ((Wi(h))®) = (Wi(R))°) =0 (1)

\_ (Wa(m)?) = 1, (Wi(w)") =3 @ /
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where
1
EE’T — 532(0) + ih[Fi(fi17j2:E37i4aj5af6>
+04i(Z2,T4,%6)&] ;. {1 =1,3,5}
1
55: — jzz<0) + §hFi<i175327f3:£47£51536>; {2 — 27 47 6}
1
6: — 52(0) eXp(“Ekih)Q {Z =1, 3, 5}
[ /3, R<1/6
Wih) = < 0, 1/6 < R < 5/6
V3, 5/6 <R

where R is a uniformly distributed random number on the interval
(0,1).

N //
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Leap-Frog Algorithm for Colored Ornstein-Uhlenbeck
Multiplicative Noise

Di(h) = %i(0)+ hFi(z1, T3, T3, Ty, T5, Tg) + hoii(T3, T4, Tg)&S s
{’i =1,3, 5}

_ 1

D;(h) = Z;+ '2_hFi [Zi—1 + hF;_1(Z7, 22,23, 24", T5, Tg ™)
+h0i—1i—1(f§,52afg)f§k—1] : {Z — 27 476}

Dﬁz‘ (h) = &i(0)exp(—kih); {i=1,3,5}
_ 1 N
Sz(h) = —‘O'z'i(i_liz,f4,Eﬁ)kih?’/zWi(h); {Z = 1,3,5}

V3
Si(h) = 0; {i=2,4,6}

3 1 .
Se, = ki\/'fZWi(h)—ikth/zWi(h); {i=1,3,5}

N /
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1 _
5&7,(0) + =h [Fi(jla£27j37§347$57x6)

2
+0ii(Z2, %4, %6)&i) ;
1

z;(0) + é-hFi(if1,f2,fE3,f4,575,ff6);

£(0) exp(— ki)

{i=1,3,5}

{i=1,3,5)

(i = 2,4,6)
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Numerical Convergence Tests

The equations of motion are:

p = —yp—n’c— azé(t)
PR
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Finite damping (v = 0.1) Convergence Test: Colored \\
Ornstein-Uhlenbeck Noise
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Finite Damping (v = 0.1) Convergence Test: White Gaussian !

¢

0154 L} L § L} L] L] ¥

0.53
0.52
0.51

< 0.50
0.49
0.48

0.47

0.46

14



/

Jomparing Stochastic Leap-Frog

and the Heun Algorithm \\

12+ -
N\ B -
o sl Exact |
41 -

” i ‘\ \
e lah., , ,,

0 Pt s M

_2 L i 1 1 |

|
.m, TN 'l,pf',.i,.,n' 'lﬁn,| l. l‘ll l|.|"||."|,|m"u' d‘ 1N

M;'}WMMWWMWWM#‘*MMMMW\ vM\WﬂMrn"y\nm;ik,\w

Error: Heun

i
i, 1 ,I\'l"l{'l“ll‘ |||||I|'I'I'II
s :
nhe i"."*.""'.'.l,"u'l";' e 1:;1: i ‘5,: "

Error: Leapfrog

0 100 200 :

300 400 500

16



